Abstract A Global Navigation Satellite System (GNSS) receiver usually needs a sufficient number of full pseudorange measurements to obtain a position solution. However, it is time-consuming to acquire full pseudorange information from only the satellite broadcast signals due to the navigation data features of GNSS. In order to realize fast positioning during a cold or warm start in a GNSS receiver, the existing approaches require an initial estimation of position and time or require a number of computational steps to recover the full pseudorange information from fractional pseudoranges and then compute the position solution. The BeiDou Navigation Satellite System (BDS) has a unique constellation distribution and a fast navigation data rate for geostationary earth orbit (GEO) satellites. Taking advantage of these features, we propose a fast positioning technique for BDS receivers. It simultaneously processes the full and fractional pseudorange measurements from the BDS GEOs and non-GEOs, respectively, which is faster than processing all full measurements. This method resolves the position solution and recovers the full pseudoranges for non-GEOs simultaneously within 1 s theoretically and does not need an estimate of the initial position. Simulation and real data experiments confirm that the proposed technique completes fast positioning without a priori position and time estimation, and the positioning accuracy is identical with the conventional single-point positioning approach using full pseudorange measurements from all available satellites.
Introduction
Similar to other global navigation satellite system (GNSS) receivers, a BeiDou Navigation Satellite System (BDS) receiver acquires satellite signals, synchronizes pseudorandom codes and navigation message frames, and decodes navigation data after it starts. According to the principles of GNSS, the receiver cannot complete its position fix without valid ephemerides and full pseudorange measurements from at least 4 satellites (Kaplan and Hegarty 2006) . After the pseudorandom noise (PRN) code is tracked and synchronized, only the sub-code length (e.g., 1 ms for BDS B1I ranging code) fractional pseudorange information can be obtained which lacks the unknown number of integer code lengths from its full counterpart. The recovery of the full pseudorange measurements is the bottleneck for the time to first fix after ephemerides become available to the receiver. When having finished frame synchronization, the full pseudorange measurements can be only determined after having obtained the second of week (SOW) information periodically broadcast in the navigation message. This usually takes at least 6 s for non-geostationary earth orbit (non-GEO) BDS satellites which is identical to Global Positioning System (GPS) (Navstar GPS Joint Program Office 2006; CSNO 2013b) . To shorten this time, the technique proposed by van Diggelen (2002 van Diggelen ( , 2009 ) can be applied; however, it requires that the initial bias caused by position and time estimation is less than 150 km. Sirola and Syrjarinne (2002, Sirola 2006) propose an exhaustive searching method which requires initial estimation boundaries and heavy computations. The method in Jing et al. (2015) uses measurements from geostationary earth orbit (GEO) satellites to first obtain an approximate position estimate, and then recovers full pseudoranges for nonGEOs and finally computes the user position, which is an application of van Diggelen (2002 Diggelen ( , 2009 in BDS with a pre-computation step to satisfy the initial constraint.
We first analyze the characteristics of BDS constellation and its GEO navigation message. Then, a fast positioning technique taking advantage of the high data rate feature of the GEO broadcast message is proposed. It simultaneously processes full pseudorange measurements from at least 4 GEOs and fractional pseudorange measurements from at least 1 non-GEO and computes the position and time solutions as well as recovers full pseudorange measurements for non-GEOs without any constraint on priori position estimation. Simulated constellation and pseudorange data as well as real BDS measurement data are used to verify the proposed algorithm. The results show that the method successfully yields position solutions with full and fractional pseudorange information from GEOs and nonGEOs, respectively, which can reduce the time to first fix to less than 1 s theoretically. The proposed technique also provides an identical positioning accuracy with conventional methods using full pseudorange measurements from all available satellites and has no requirements for initial estimation of position and time. The proposed technique can be easily implemented in receivers and applied in a large area inside the BDS service region.
Unique features of BDS
The current regional BDS has been offering service to Asia-Pacific area since the end of 2012. The space segment comprises 5 GEOs and 9 non-GEOs (5 inclined geostationary earth orbit satellites-IGSO and 4 medium earth orbit satellites-MEO) (CSNO 2013b) . A snapshot of the distribution of BDS constellation is shown in Fig. 1 , and their orbital elements at this moment is listed in Table 1 . Although the signal of MEO 5 has not been received by the authors' receivers for some time as this work is under progress, for the completeness of the constellation, all the space vehicles announced in (CSNO 2013a) are included in the figure and table. The GEOs and IGSOs offer high elevation angle observation to the mid-to-high-latitude users in the regional service area which improves availability especially for canyon environments. The MEOs provide coverage beyond the typical service region as far as possible.
There are two types of BDS navigation messages called D1 and D2 for non-GEOs and GEOs, respectively. The data rate of the D1 navigation message for non-GEOs is 50 bps, and there is one SOW in each sub-frame consisting of 300 bits. As a result, it takes at least 6 s for the receiver to decode the first SOW and obtain the unambiguous full pseudorange measurement, and not to mention that extra time is always spent to check the reliability. However, for GEOs, the D2 data rate is 500 bps, and there is also one SOW in each 300-bit sub-frame. Therefore, only 0.6 s is needed to decode the first SOW theoretically and yield the full pseudorange measurement, which is ten times as fast as for non-GEOs. It is a natural thought that we can take advantage of the faster data rate in GEOs and use their full pseudorange measurements to calculate the position and time solution instantly to shorten the time to first fix. However, it should be noted that the geometry of using only GEOs is too poor, nearly collinear as shown in Fig. 1 , to yield a solution with acceptable accuracy. One or more full pseudorange measurement from non-GEOs can definitely improve the satellite geometry but at least another 6 s should be spent to generate the full pseudorange for conventional receivers. Within 0.6 s, only an ambiguous fractional pseudorange measurement, e.g., sub-millisecond value if PRN code is synchronized or sub-twenty-millisecond value if navigation bit is synchronized, can be obtained for non-GEOs. If this information can be utilized along with the full measurements from GEOs, a position solution with similar or identical accuracy to conventional single-point positioning approaches can be possibly obtained. The time cost can be potentially reduced to within 1 s theoretically which is much faster than using all full measurements. Based on this motivation, our fast positioning algorithm, using 4 or more full pseudorange measurements from GEOs and 1 or more fractional measurements from non-GEOs and no prior position estimation, is developed and tested in the following sections.
Fast positioning technique without a priori position constraint
In this section, the conditions needed to apply the proposed approach are discussed after which the mathematical models and the algorithm procedures are presented.
Basic conditions
In order to obtain the full pseudorange and the position information of any satellite, the ephemerides must be available either through a recently (typically within one hour age for BDS) stored navigation data or an assistant approach from communication links (e.g., Internet or mobile service). Assuming this condition, the user receiver can benefit from the proposed fast positioning technique. Therefore, it is assumed that the receiver has stored the valid ephemerides for all BDS satellites which can be satisfied for a commonly used BDS receiver even if it experiences a restart. As analyzed in the previous section, the full pseudorange measurements for all GEOs can be obtained after frame synchronization which costs at least 0.6 s theoretically. Even if more time is needed to confirm a reliable synchronization, this time is still much shorter than the length of a 6 s data sub-frame for nonGEOs. Similar to the processing of GEO navigation data, theoretically, at least 6 s is needed to obtain a full pseudorange measurement for non-GEOs. During the period while frame synchronization for 4 GEOs is completed but is still in progress for non-GEOs, only the sub-millisecond (or sub-twenty-millisecond) fractional pseudorange measurements for non-GEOs which equals the full measurement modulo the product of light speed and 1 ms (or 20 ms), are available. The aim of our algorithm is to give single-point positioning results with these imperfect measurements during this period, which is much shorter than 6 s.
Mathematical models
The full and fractional pseudorange measurements are modeled as
where z i and z j are the full and fractional pseudorange measurements for GEOs and non-GEOs, respectively, X i and X j are the three-dimensional satellite position vectors for GEO and non-GEO, respectively, i 2 1; . . .; n f g and j 2 nþ1;. . .; nþm f gare indices of GEOs and non-GEOs, respectively, x r is the three-dimensional receiver position, b is the receiver clock bias which is identical for all measurements, N j is the pseudorange integer ambiguity which is the integer part of the pseudorange divided by c T , c T is a constant distance the light travels in the time period T (1 ms for a code chip and 20 ms for a navigation bit), and e i and e j are measurement noises.
The unknowns to be resolved include the receiver position, clock bisas, all pseudorange ambiguities for nonGEOs and is expressed as,
where x ¼ x; y; z; b
The positions of satellites are computed based on the ephemerides and time of transmission. The satellite position computation algorithm is commonly found in literature such as CSNO (2013b) . The time of transmission for GEOs and non-GEOs is presented as
where t t,i and t t,j are the time of transmission for the ith GEO and the jth non-GEO, respectively, t e,i and t e,j are satellite clock corrections calculated from the navigation message, and c is the speed of light. An iterative technique is used to solve the unknowns in (3) when at least 4 full measurements in (1) and at least 1 fractional measurement in (2) form an equation set. The incremental vector for each iterative step is defined as
The measurement residuals for every step are given in
where ''^'' represents the estimates at the current step andd denotes other estimated errors such as ionosphere and troposphere delays. The vector form of measurement residuals is written in
The least-squares solution of the incremental vector is
The design matrix H in (10) is defined as H¼ :
Àc T 2 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 5 ð11Þ where e is the normalized line-of-sight (LOS) vector from the estimated position to the corresponding satellite. Another matrix D is defined below. The eigenvalues of this matrix are used to examine if the algorithm can obtain the correct position, i.e., if the sum of the reciprocals of the eigenvalues exceeds a predefined threshold, the algorithm is unlikely to compute the correct solution and will be aborted. The principle and the selection of the threshold of this examination will be discussed in the usability section. The matrix is
It should be noted that the pseudorange ambiguity N is an integer. Therefore, the updated unknowns should keep this integer feature in each step, and the update step is written aŝ
where the operator ''round'' represents rounding to the nearest integer. After several iterations, the elements related to position and clock in the incremental vector converge close to zero. The ambiguity-related incremental elements (dN 1 ,…, dN m ) stabilize at values that are much smaller than 0.5, i.e., all the rounded incremental integer ambiguities are zero and all the ambiguities converge to specific integers that can correctly recover the full pseudorange measurements for non-GEOs. This convergence can be expressed aŝ
where h is a predefined positive quantity close to zero. At this stage, even though the position solution converges, it is still far from accurate. The reason is that the errors of the position solution are projected onto the ambiguity incremental elements which should strictly be zero due to its integer feature. These errors shall be corrected to obtain the final solution. The integer ambiguities of all fractional pseudorange measurements are found at this point. Therefore, these converged pseudorange integer ambiguities can be treated as known measurements and only the position and clock bias are regarded as unknowns. Thus, a new design matrix is
Àe
T nþm 1 2 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 5 ð15Þ and the corrected position and clock bias solution is given by.
At this point, both the final position solution and the recovered full pseudorange measurements are computed. Compared with the widely adopted iterative positioning technique, the proposed algorithm has similar iterative structure and does not add much computation burden to the existing approach, so it is easy to be implemented in a receiver. It also can be seen that if full pseudorange measurements are available for non-GEOs, the incremental ambiguities in every step remains zero which indicates that the algorithm can also work under the conventional all full pseudorange case.
Algorithm procedure
According to the mathematical models presented in the previous section, the procedure of the fast positioning algorithm is depicted in Fig. 2 and summarized as follows.
Initialization
All the unknowns in (3) are set to zero. At least 4 full and at least 1 sub-millisecond fractional pseudorange measurements from GEOs and non-GEOs, respectively, are obtained. The ephemerides of all the satellites are ready for satellite position determination in next steps.
Iteration
Time of transmission calculation Time of transmission is calculated based on (4), (5) and clock correction algorithm in CSNO (2013b) for GEOs and non-GEOs. Satellite position calculation Satellite positions are determined with the time of transmission and satellite ephemerides using the algorithm described in CSNO (2013b). , Geometric distance calculation Distance between the estimated user position and every satellite is computed, and the correction for earth rotation during the signal travel time is applied according to Borre et al. (2007) . Residual calculation Measurement residuals are calculated based on (7) and (8) for GEOs and non-GEOs. The correction of ionospheric and tropospheric errors (Saastamoinen 1972; Klobuchar 1987 ) can be applied if necessary. These errors do not affect the performance of the proposed technique and are mentioned here for completeness of the positioning algorithm.
Design matrix construction The designed matrix is important to compute the corrections for every iterative step, and it is formed by (11).
Eigenvalue test The sum of the reciprocals of the eigenvalues of matrix D as defined in (12) is tested. If it exceeds a predefined threshold, then exit the algorithm and report a failure. Otherwise, the algorithm continues.
Unknowns update The correction vector for the current iteration is determined by (10), and the unknowns are updated by (13).
Conditional Judgment This module checks the convergence of the iteration. If the norm of the incremental vector is sufficiently small or the number of iteration exceeds a preset maximum value, the algorithm proceeds to 3) to yield the final solution. Otherwise, it goes back to 2) to resume iteration.
State correction
The new design matrix is first constructed by (15), and then the corrected position and clock solution are output by (16).
Usability of the proposed algorithm
From the algorithm procedure presented previously, the correct recovery of pseudorange integer ambiguities as given in (13) is one of the key parts to the algorithm. It should be noted that this resolution of the pseudorange integer ambiguity is very similar to the case in carrier cycle integer ambiguity resolution that is extensively studied in the high-precision positioning area. The difference is that for the BDS D1 broadcast message, the code chip length and navigation bit length are about 300 km and 6000 km, respectively, while the carrier cycle is less than 20 cm for B1I signal (CSNO 2013b). Hence, we can use a simple rounding operation and obtain the correct integer ambiguity if the uncertainty of the estimated pseudorange, or ''float'' ambiguity as commonly referred to in carrier phase based techniques, is smaller than half of the chip length, i.e., 150 km; the code chip case is considered and tested rather than the navigation bit case because it is more stringent. In the proposed algorithm, we rely on the observation of the GEOs to resolve the non-GEOs' ambiguities. Therefore, in order to obtain the correct full pseudorange for one non-GEO, its user-to-satellite LOS error caused by the GEOs pseudorange errors projected onto the LOS vector shall be smaller than 150 km as given by
where dq i is the random range error for the ith GEO, e is the normalized LOS vector from the receiver to the satellite, i and j are the indices of GEOs non-GEOs, respectively, and a is the half cycle threshold (150 km for the code case). Furthermore, it will be simpler and easier if we can connect the geometric dilution of precision (GDOP) of the visible GEOs to the estimated non-GEO pseudorange error as expressed by
where dP is the user position error vector. Unless otherwise specified, all GDOPs in this paper represent the GDOP of the visible GEOs. If the last product of (18), i.e., GDOP Â max i2 1;2;ÁÁÁ;n f g dq i j j ð Þ is smaller than the threshold a, the criterion given by (17) can be replaced by a stricter one written as GDOP Â max i2 1;2;ÁÁÁ;n f g
It is further known from textbooks that GDOP of the visible GEOs is defined as the square root of the trace of matrix D (defined in 12), and it is also connected to its eigenvalues as
where k is the eigenvalue of D. Based on (20), the test in (19) is equivalent to the test for GDOP or the eigenvalues of D as given in
where b is the predefined threshold.
Using (21), we can determine whether or not the algorithm can obtain the correct position solution before computing the inverse matrix, i.e., if the square root term is smaller than b, the algorithm can compute the pseudorange ambiguities and the position solution successfully. The selection of b must be taken care of. According to Kaplan and Hegarty (2006) and CSNO (2013a) , the estimated 3r of the user equivalent range error of BDS is less than 50 m, which is a conservative and strict estimate. Consequently, b can be set to 3000 (150 km/50 m) for the code synchronized case.
In the following section, tests are conducted to find in what areas the algorithm can be applied and to verify the correctness of the GDOP (or the eigenvalue) test criterion.
Experiment
Simulated and real data tests are used in this section. The setting of the simulation is first presented. Then, simulated constellation during an 8-day period is built based on real orbit elements and is used to test the usability of the proposed algorithm. The pseudorange measurements are then generated in the same simulation case to test the positioning performance. Finally, real BDS measurement data are preprocessed to generate the fractional pseudorange measurements and the data are input to the algorithm to test its performance under the real environment.
Simulation settings
From the algorithm procedure and analysis presented above, at least 4 full pseudorange measurements must be obtained to initialize the algorithm. These are not limited to GEO measurements, but can be replaced by non-GEO measurements which indicates the generality and potential of extension of the algorithm. However, in typical cases, e.g., a restart of a BDS receiver, the full measurements from GEOs can be obtained earlier than from the nonGEOs due to the faster data rate of GEO broadcast messages as explained above. Therefore, only the cases with full measurements from GEOs and fractional ones from non-GEOs are considered and tested in this section. According to CSNO (2013a), the vertical coverage region of BDS satellites ranges from the earth surface to an altitude of 1000 km above the earth surface. Tests inside this region where at least 4 GEOs are visible will demonstrate the actual performance of the proposed method.
The ground area and space area over the globe are sampled with 1 degree in latitude and longitude between points. The receiver is assumed to be placed at these points to perform positioning with BDS signals. At every point, given a predefined clock bias, the pseudorange measurements generated by the receiver are simulated. The measurements for the non-GEOs are then truncated to keep its sub-millisecond values to test the proposed method. The original simulated full measurements can be used to compute the user position with a conventional single-point positioning approach. The two results are then compared to evaluate the performance of the proposed technique. The parameter settings for the simulation are given in Table 2 . After having completed the frame synchronization or obtained at least one full pseudorange measurement from a GEO, the bias of the receiver clock can be restricted within 20 ms which is about the difference between the maximum and the minimum time of light travelling from a GEO to a receiver on the earth surface or at the altitude of 1000 km. Considering this, the clock bias is set to 5 s which is much more severe than the worst case. The pseudorange noise is set to 1.3 m (1r) according to CSNO (2013a) . The elevation cut-off angle is set to zero in order to include the very edge areas where 4 GEOs are visible. The estimates of the receiver position and the clock bias are initialized to zero so that there is no priori constraint for the proposed algorithm. The GDOP threshold, or the eigenvalue test threshold, is set to 3000 to determine whether to exit or to continue the algorithm as analyzed in the previous section.
Simulation test: usability
First, the areas where 4 or more GEOs are visible is illustrated based on simulation. The orbital elements of the BDS satellites in Table 1 are used to create the simulation case. The outer red line in Fig. 3 depicts the ground area and the inner blue line shows the space area at the altitude of 1000 km above the earth that is covered by 4 or more BDS GEOs based on the constellation distribution given in Fig. 1 . The surface area ranges between 59°E to 161°E and 78°S to 79°N, with an east-west span of about 11,400 km and a north-south span of 17,500 km, while the area at the altitude of 1000 km is slightly smaller, ranging from 60°E to 159°E and 76°S to 77°N with an east-west span of about 11,000 km and a north-south span of 17,100 km. These two areas are selected to test both the usability and the positioning performance of the proposed fast positioning algorithm.
Based on the usability analysis mentioned above, the GDOP shall be smaller than a threshold to allow the algorithm to yield the correct pseudorange ambiguities and position results. In this test, we aim to identify the area and time where the algorithm can obtain a correct position solution. The MEOs of the BDS constellation have a recursion period of 13 rotations in 7 days (CSNO 2013a). Accordingly, the length of the simulation is set to 8 days to include all possible satellite positions. Figure 4 shows the proportion of the area where GDOP is smaller than 3000 in the area where 4 or more GEOs are visible at every time epoch on both earth surface and the altitude of 1000 km. The maximum proportion is 1 which means the GDOP \ 3000 area is identical with the area covered by 4 or more GEOs. Sometimes, the proportion falls below 1, which is due to the movement of the GEOs that causes a significant increase in GDOP. The minimum proportion is 76.7 % for the earth surface and 75.9 % for the 1000 km altitude. Figure 5 illustrates this worst case in which the area of GDOP \ 3000 is smaller than the area covered by 4 or more GEOs in Fig. 3 . Considering all the region and time simulated, the entire proportion is 99.4 % which means theoretically that the proposed algorithm can generate the correct position solution for most of the time and region when and where 4 or more GEOs are visible. The proportion results are listed in Table 3 .
Simulation test: positioning
The time epoch of one best case, having proportion equal to 1, from the usability simulation in the previous section is selected as the first simulation case in this part. In this test, at all points inside both the surface and the 1000 km altitude areas with 4 or more visible GEOs, the algorithm successfully resolves the pseudorange ambiguities for the non-GEOs and gives the correct positioning results. The root-mean-square errors (RMSE) of the three-axis position results in the earth-centered-earth-fixed (ECEF) frame compared with the simulated real position by both the proposed method and the conventional method with full measurements for the earth surface test are demonstrated in Fig. 6 , and the corresponding results for the 1000 km altitude are similar and the figure is not included to save space. It can be observed that correct position results can be generated by the proposed algorithm for all points in the 4-GEO coverage area and the position error is identical with that of the conventional method with full measurements for both the earth surface and the 1000 km altitude cases. The worst case with the minimum proportion is also selected as a test case. The area where the algorithm generates correct positioning results is identical with the GDOP \ 3000 area which proves the correctness of the eigenvalue test. The position RMSE which is not plotted here is also identical with that from the conventional method with full pseudorange measurements. Consequently, the usability and correctness of the proposed technique are validated. It can also be seen that the proposed fast positioning algorithm works inside the space where 4 or more GEOs are visible to the receiver.
Real data test: positioning
Another experiment using field-collected real BDS measurements is conducted. A self-developed BDS receiver is used in this test and the antenna of which is placed statically on the rooftop of Weiqing Building, Tsinghua University, Beijing, China. Eight-hour BDS measurement data as well as the broadcast navigation message were collected starting at 08:30am (Beijing time), May 12, 2015.
The visibility of all the satellites during this period is depicted in Fig. 7 . It can be seen that the GEOs (PRN 1 to PRN 5) are visible throughout the dataset and some of the non-GEOs (PRN 6, 8, 9, 11, 12 and 14) experienced rising and setting during this period. Similar to the previous simulated test, the pseudorange measurements of the non-GEOs are chopped to their submillisecond values. When processing the measurement data using either the proposed algorithm or the conventional approach, neither ionospheric nor tropospheric delay corrections are applied. The initial position estimate is set to zero which makes the proposed algorithm free of a priori constraint and is far from the true location. The position results and their standard deviations (STD) in ECEF frame from both methods are depicted in Fig. 8 . For easy reading, the respective mean has been subtracted. It shows that the results of the proposed algorithm processing both full and fractional measurements are identical with that of the conventional method processing full measurements. This experiment verifies the effectiveness of the proposed method in the real environment.
It is worth mentioning that the proposed technique can also process full measurements from all satellites. In this case, the estimation of the pseudorange ambiguities simply converge to zero and the same positioning results can be obtained. Therefore the proposed technique also demonstrates its generality and substitutability over the conventional method. Left the proposed algorithm using full and fractional measurements from GEOs and non-GEOs, respectively. Right the conventional method using full measurements from all satellites
Conclusion and future work
Full pseudorange measurements from BDS non-GEOs need more time to be obtained than from GEOs. Based on this fact, a fast positioning algorithm that processes full measurements from GEOs and factional measurements from non-GEOs without a priori knowledge of position or time for BDS receivers is proposed. The principles, models, procedures and usability of the algorithm were presented. Simulated and real BDS measurement data were used to verify the usability and performance of the proposed method. Results show that in over 99 % of the time inside a vast space where 4 or more GEOs are visible in the BDS service region, the proposed algorithm yields position results with the same accuracy as that of the conventional method using full pseudorange measurements. Therefore, taking advantage of the fast data rate on BDS GEO broadcast signal, this method can be effectively applied in those cases when only 4 or more full pseudorange measurements of the GEOs and one or more fractional measurements of the non-GEOs are available to achieve fast positioning and reduce the time to first fix. In the future, more tests with field-collected data from various locations in the BDS service area should be done to further validate the applicability of the proposed algorithm in real environments. Other techniques to reduce the dependence on the full GEO pseudorange measurements will be investigated. The algorithm will be implemented and improved in the self-developed BDS receivers for possible real-time applications. 
